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After reviewing the pioneering work by Zel’Dovich in which radiation is amplified perpendicu-
lar to the axis of a rotating conductor, we consider an alternative scattering arrangement. We
demonstrate superradiant amplification of electromagnetic waves with orbital angular momentum,
directed axially towards a rotating conductor. Taking into account recent advances in optics and
condensed matter systems, our approach presents new possibilities for rotational superradiance ex-
periments. We discuss remaining challenges that must be faced before a laboratory observation of
the Zel’Dovich effect can be considered feasible.
I. INTRODUCTION
Rotational superradiance was first demonstrated theo-
retically in the seminal work of Zel’Dovich [1, 2], where it
was found that rotating, conducting cylinders can super-
radiate. A crucial requirement of the conducting cylinder
is that it not be a perfect conductor, but have a finite
conductivity to absorb radiation entering the cylinder.
Zel’Dovich’s formulation involved sending an electromag-
netic wave perpendicular to the rotation axis of the spin-
ning conductor, and subsequent work on superradiance
has utilized the same configuration.
Since conception, observing the Zel’Dovich effect in
the laboratory has been considered an unlikely prospect
at best. The difficulty stems largely from the superra-
diance condition (given explicitly in the following sec-
tion), which requires either the use of very rapid rotation
rates or very long wavelengths. Due to the small size of
the wave amplification [1, 2], and the practical difficulty
with how Zel’Dovich’s reflected waves scatter from the
conducting cylinder in all radial directions, neither the
rapid-rotation nor the long-wavelength regime render the
amplification observable.
To combat such difficulties, people have turned to ana-
logue systems that can also exhibit superradiance, but
have much lower wave speeds and more convenient dis-
persion relations. In particular, the first experimen-
tal observation of rotational superradiance was recently
achieved using surface water waves on a vortex flow [3].
Alternatively, in this work we consider a reformulation
of the original Zel’Dovich effect. As we have previously
shown [4], there exists a previously unexplored direction
for superradiant amplification that offers promising sim-
plifications to the usual scattering arrangement. Our ap-
proach involves sending the wave parallel to the conduct-
ing cylinder’s rotation axis and reflecting off the flat ends
of the cylinder. This new alignment reduces the effective
dimensionality of the scattering system, simplifying both
the theoretical description and the corresponding exper-
imental setup.
Using the formalism of relativistic electrodynamics, we
demonstrate that classical amplification, and therefore
stimulated emission, can indeed occur in our proposed
scattering configuration. The electromagnetic modes
shown to be amplified carry orbital angular momentum
(OAM), and are directed along the rotation axis. Since
Einstein showed over a century ago that stimulated emis-
sion implies spontaneous emission [5], our findings also
imply that rotating conductors will spontaneously emit
OAM-carrying photons along the rotation axis.
We then discuss how our proposal could be imple-
mented experimentally by shining an OAM-carrying laser
at a rapidly rotating conductor. As we describe in
detail, such an implementation is difficult, due to the
large rotation rate required to satisfy the superradiance
condition. Nonetheless, recent advancements in optics
and condensed matter have led to unprecedented rota-
tion rates. At the microscale, dumbbell rotators have
achieved GHz rotations [6, 7]. Such high rotation rates
indicate that these microscale rotators might be used to
observe superradiance.
Even at microscales, the rotators are large enough to
behave essentially as classical objects. Still, in analogy
with superradiance of modes from a test field scattered
from a rotating black hole [8], such rotators could poten-
tially allow quantum aspects of rotational superradiance
to be observed for the first time, provided coherence can
be maintained in the laser field. Our proposal therefore
offers a complementary approach to the study of both
classical and quantum superradiance.
II. RELATIVISTIC ELECTRODYNAMICS
We work within the formalism of relativistic electrody-
namics in curvilinear coordinates, following the approach
of Bekenstein and Schiffer [9]. The rotating conductor is
modelled as a conducting dielectric with spatially uni-
form permittivity ǫ(ω) and permeability µ(ω), which we
will take to both be real.
The main quantity of interest will be the electromag-
netic field tensor Fµν , which is composed in an observer-
dependent way of the electric field E and magnetic in-
duction B. We will also be interested in the electro-
magnetic displacement tensor Hµν , which is composed
2of the electric displacement D = ǫE and the magnetic
field H = µ−1B. Along with Ohm’s law j = σE (with
σ being the conductance), these relations can be written
in tensorial form as
Hαβuβ = ǫF
αβuβ (1)
∗Fαβuβ = µ ∗Hαβuβ (2)
jα = σFαβuβ + ρu
α, (3)
where ρ is the proper charge density and uα is the 4-
velocity of the material. The ∗ symbol is the Hodge
star operator, defined such that ∗Fαβ ≡ 12εαβγδFγδ,
with εαβγδ denoting components of the Levi-Civita ten-
sor (sign convention: ε0123 = +1). The electric and mag-
netic fields are defined with respect to the rest frame of
the object, and the frequency-dependent quantities ǫ(ω)
and µ(ω) are defined with respect to this rest frame as
well.
We use a cylindrical coordinate system {xµ} =
{t, r, φ, z}, in which case the Minkowski metric takes the
form
ds2 = −dt2 + dr2 + r2dφ2 + dz2. (4)
Inside the conductor, the co-rotating 4-velocity has com-
ponents
uα = γ(−1, 0,Ωr2, 0), (5)
with the Lorentz factor γ = 1/
√
1− Ω2r2. The relations
(1)-(3) imply
ǫ−1H02 = F 02 ≡ r−1Eφ (6)
µH31 = F 31 ≡ Bφ (7)
ǫ−1
(
H01 +Ωr2H12
)
= F 01 +Ωr2F 12 ≡ γ−1Er (8)
µ
(
H23 − ΩH03) = F 23 − ΩF 03 ≡ (rγ)−1Br (9)
ǫ−1
(
H03 − Ωr2H23) = F 03 − Ωr2F 23 ≡ γ−1Ez (10)
µ
(
H12 +ΩH01
)
= F 12 +ΩF 01 ≡ (rγ)−1Bz. (11)
Maxwell’s equations are given by
F[αβ,γ] = 0, (12)(
Hαβ
)
,β
= 4πjα. (13)
For electromagnetic field modes with temporal depen-
dence e−iωt and azimuthal dependence eimφ with respect
to the lab frame, the homogeneous equation (12) implies
iωr2F 12 − ∂r
(
F 02r2
)
+ imF 01 = 0 (14)
∂r
(
F 23r2
)
+ imF 31 + r2∂zF
12 = 0 (15)
iωF 31 + ∂rF
03 − ∂zF 01 = 0 (16)
iωr2F 23 − imF 03 + r2∂zF 02 = 0, (17)
while the inhomogeneous equation (13) implies
∂r
(
H01r
)
+ imrH02 + r∂zH
03 = 4πrγ (σΩrEφ + ρ)
(18)
iωH01 + imH12 + ∂zH
13 = 4πσEr (19)
iωrH02 − ∂r
(
H12r
)
+ r∂zH
23 = 4πγ (σEφ + rΩρ)
(20)
iωrH03 + ∂r
(
H31r
)− imrH23 = 4πσrEz . (21)
These equations are corrected from the forms given by
Bekenstein and Schiffer in [9]; the differences include a
minus sign on the third term on the left-hand side of (19),
and a factor of r on the right-hand side of (21). Note also
that we are not scaling the charge density by 4π, as was
done in [9].
We will approximate the electromagnetic field modes
as transverse, such that Bz = Ez = 0. In practice, laser
modes with orbital angular momentum will have longi-
tudinal components, but these components are small,
and will be neglected in this work. The constitutive
relations (10)-(11) then imply F 23 = µH23 = γBr/r,
µH03 = F 03 = rΩγBr, ǫ
−1H01 = F 01 = γEr, and
F 12 = ǫ−1H12 = −ΩγEr. Using these relations, the
homogeneous Maxwell’s equations allow for the determi-
nation of F 01 and F 03, in terms of F 02:
F 01 =
i∂r
(
F 02r2
)
(ωΩr2 −m) , (22)
F 03 =
iΩr2∂zF
02
(ω −mΩ) . (23)
From F 01 and F 03, Er and Br are determined, respec-
tively. The homogeneous Maxwell’s equations also allow
F 31 (and therefore Bφ) to be solved for in terms of F
02:
F 31 =
[
γ2
(
ωΩr2 −m) (ω −mΩ)]−1 ∂z∂r (F 02r2) .
(24)
The only remaining degree of freedom is F 02 (equiv-
alently, Eφ), upon which all other field components de-
pend. Combining the inhomogeneous Maxwell’s equa-
tions judiciously, we obtain
∂2zF
02 + (V + iΓ)F 02 = 0, (25)
with the definitions
V = µǫγ2 (ω −mΩ)2 and Γ = µγ4πσ (ω −mΩ) . (26)
One can also show that F 01 obeys the same isolated dy-
namical equation as F 02 does, in a manner analogous to
the derivation of (25):
∂2zF
01 + (V + iΓ)F 01 = 0, (27)
with the same V and Γ as in (25).
3Next we demonstrate that the system can superra-
diate. We will show that if the transverse electromag-
netic field is incident on the top (z = z0) of the rotat-
ing conductor, there will be a net positive longitudinal
energy flux coming from the top of the conductor, pro-
vided the superradiance condition ω −mΩ < 0 is satis-
fied. Energy flow is characterized by the Poynting vector,
S = (E×H)/4π; we will specifically be interested in the
z component, which we can express as
Sz =
1
4π
(E ×H)z =
1
4π
(
F 01H31 − F 02H23) . (28)
In terms of complex field amplitudes, the time-average
of the Poynting vector is S¯ = Re [(E ×H∗)z/8π]. Using
the constitutive relations and the homogeneous Maxwell
equations, we can then write the axially-directed energy
flow (28) within the conductor in time-averaged form as
S¯z =
1
8πµ (ω −mΩ) (29)
· Re
[
1
γ2
iF 01∂z
(
F 01
)
∗
+ iF 02∂z
(
F 02
)
∗
]
.
Outside of the conductor, in the z > z0 region, we have
S¯z(z > z0) =
1
16πω
[iW1(z) + iW2(z)] , (30)
with the definition
Wj(z) = F
0j∂z
(
F 0j
)
∗ − (F 0j)∗ ∂zF 0j , (31)
for j ∈ {1, 2}. The expression (31) gives the Wronskians
of equations (25) and (27) outside of the cylinder. In
this region the Wronskians have vanishing z-derivatives,
so we can find the longitudinal energy flow far from the
conductor by evaluating W1 and W2 in (30) at z0 (ap-
proaching z0 from above).
Inside the conductor, the quantities defined by (31) are
still Wronskian-like [10], and satisfy
∂
∂z
(iWj(z)) = −2Γ|F 0j|2. (32)
We assume that the field does not penetrate the back
of the disk; hence, there will be a negligible field in the
z < 0 region. Upon integration of (32) from z = 0 to
z = z0, we then find
iWj(z0) = −2
∫ z0
0
dz Γ|F 0j |2. (33)
By exploiting the continuity of the Poynting vector at
z = z0, we now have
S¯z(z > z0) =
−σµ (ω −mΩ) rγ
2ω
∫ z0
0
dz
(|F 01|2 + |F 02|2) .
(34)
The entire energy flux out of the cylinder in the z direc-
tion can be obtained by integrating (34) over the circular
cross section. Since the second law of thermodynamics
implies that the conductivity is greater than or equal to
zero [9], we can conclude from expression (34) that there
will be a positive net longitudinal energy flux far from
the conductor whenever ω−mΩ < 0; in other words, the
system exhibits superradiance.
III. DISCUSSION
We have demonstrated that an OAM-carrying electro-
magnetic wave directed axially at a rapidly rotating con-
ductor can superradiate. This offers an alternative scat-
tering arrangement to observe rotational superradiance
in an electromagnetic system, which complements the
original formulation first suggested by Zel’Dovich [1, 2].
The scattering arrangement considered here provides
a number of benefits, compared to the usual scheme. In
particular, due to the axial nature of our scattering setup,
the dimensionality of the system is effectively reduced by
one: directed beams reflect off the face of a rotating con-
ductor back towards their source, instead of scattering off
the sides in all directions (perpendicular to the rotation
axis). This makes the experimental setup simpler, and
ideal for implementation with lasers/masers.
Several technical challenges must be faced before the
theoretical effect demonstrated here could be observed
experimentally. As mentioned in the Introduction, the
main constraint comes from satisfying the superradiance
condition, ω−mΩ < 0. The beam frequency is restricted
by the size of the associated wavelength, since this also
sets the scale for the spatial extent of the conductor; con-
sequently, the minimum beam frequency for a reasonable
experimental setup would be roughly a GHz. Generating
an OAM beam in that frequency range can be accom-
plished in a variety of ways [11–16]. It then follows that
the product ofm and Ω/2π would need to be of the order
109Hz (or larger) to be in the superradiant regime.
We would therefore need to rotate the conductor as
fast as possible. Observations of frequency shifts in scat-
tered laser light due to a rotating body, referred to as
the “rotational Doppler effect,” have typically involved
objects much larger than microscale and rotation rates
less than a kHz [17–22]. One could in principle attain sig-
nificantly higher rotation rates. However, for larger than
microscale conductors, the rotation rate could not exceed
105Hz; such rapid rotation rates have been achieved by
dentist drills, for instance, which small conductors can
be mounted on. This would in turn require a topological
charge for the incident beam of m = 104. Topological
charges of 104 have been generated [23], so our proposal
could be experimentally feasible at this scale, provided
there is sufficient coupling between the OAM beam and
the conductor [24].
Another difficulty that arises comes from how the ra-
dial intensity profile of typical OAM beams changes with
increasing OAM. One usually finds that the intensity of
an OAM beam is negligible along the propagation axis,
4and is localized for the most part at some finite radius.
The superradiance demonstration presented above as-
sumes the disk has a radius at least as large as the ra-
dial extent of the incident OAM beam; however, since
increasing the OAM of a beam typically increases the
radius of maximum intensity [25], for a rotator with fi-
nite disk radius, increasing OAM can lead to an appre-
ciable reduction of overlap between the incident beam
and the rotator. In fact, an argument given by Wald
and Mackewicz (private communication) indicates that
this overlap will be small whenever the following are all
met: (i) the mode is propagating, (ii) the mode satisfies
the paraxial condition, (iii) the tangential velocity of the
disk at r = R is less than the speed of light, and (iv)
the superradiance condition is satisfied. To prove this,
we note that the paraxial approximation requires the
beam to be highly collimated, such that (m/ω2w20)≪ 1.
Now, the maximum intensity radius for a propagating
Laguerre-Gaussian paraxial mode in the focal plane is√
m/2w0, where w0 is the beam waist for the m = 0
mode. Hence, for maximal overlap with the disk, one
must have
√
m/2w0 < R. For the tangential velocity at
r = R to be less than the speed of light (recall c = 1,
here), we impose RΩ < 1. Then, applying these con-
straints successively,
1≫ m
ω2w20
>
m2
2ω2R2
>
m2Ω2
2ω2
>
1
2
, (35)
where the superradiance condition ω−mΩ < 0 was used
to yield the rightmost inequality.
One can conclude from (35) that if conditions (i) −
(iv) are met, adding the additional requirement of√
m/2w0 < R leads to a contradiction. This argument
is related to the argument given in [4] for acoustic sys-
tems, which shows that one can either amplify propa-
gating incident modes and have the outer edge of the
rotating absorber travel faster than the sound speed, or
amplify evanescent modes and keep the rotator motion
below the sound speed. In the current electromagnetic
context, we are left in a similar position: we can ei-
ther amplify evanescent OAM modes (using a waveguide,
for instance), or we can amplify non-paraxial propagat-
ing modes. For the latter possibility, large OAM beams
would still have to be significantly focused to interact
with a small spinning conductor.
Such strong focusing has a large effect on the structure
of the electromagnetic field, producing in particular a
non-negligible field in the direction of propagation [26].
Complications associated with the strong focusing could
be avoided altogether by working with the non-paraxial
modes known as perfect optical vortices: OAM beams
with diameters that are independent of the OAM [27–
32]. The independence of the beam diameter with respect
to OAM allows higher OAM modes to be used for the
same size rotators, without changing the setup. However,
it is not yet clear if these perfect optical vortices can
be prepared with small enough beam diameters to be
applied to nanoscale or even microscale rotators.
The microscale dumbbell rotators mentioned in the
Introduction [6, 7] operate in the GHz rotation range,
and could thus be used in conjunction with lasers/masers
with significantly lower topological charges. This would
alleviate the experimental burden of involving beams
with such high OAM. Since the dumbbells are not rotated
about their symmetry axis, our assumption of cylindri-
cal symmetry is strictly speaking not satisfied. Similarly,
our analysis also ignores edge effects that can arise due
to the finite size of the rotators (this is especially rele-
vant if the wavelength is sufficiently larger than the size
of the object). Nonetheless, scattering cross-sections for
asymmetric scattering centers are often estimated by cal-
culations assuming azimuthal symmetry; likewise, edge
effects are often neglected at the lowest order of approx-
imation, and corrected for perturbatively. Hence, we ex-
pect such differences to affect only the characteristics of
how they superradiate, and not prevent superradiance
from occurring altogether.
Once it becomes possible to observe superradiant am-
plification of electromagnetic signals from a rotating con-
ductor at the classical level, one can begin working to-
wards observing quantum aspects of the effect. Current
optomechanical experiments can demonstrate entangle-
ment between the OAM in laser modes and the ground-
state angular oscillations of torsion pendula [33–37]. At
the nanoscale, rotators have been prepared showing ro-
tational coherence in the THz rotation range [38, 39].
Preliminary steps have also been taken to entangle the
OAM of photons carrying more than 104 angular mo-
mentum quanta with the polarization of partner photons
[23], paving the way for further developments in coupling
individual high-OAM photons to mechanical oscillators.
Amplifying electromagnetic signals via rotational su-
perradiance has long been dismissed as a practically un-
observable theoretical curiosity. However, despite the ex-
perimental challenges involved in implementing our pro-
posal, the approach described here is geometrically sim-
pler than the original Zel’Dovich setup, and represents a
new avenue for theoretical and experimental superradi-
ance research.
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